ABSTRACT. We introduce a class of doubly indexed real Hermite polynomials and we deal with their related properties like the associated recurrence formulae, Runge's addition formula, generating function and Nielsen's identity.
INTRODUCTION
The Burchnall's operational formula ( [1] ) enjoy a number of remarkable properties. It is used by Burchnall [1] to give a direct proof of Nielsen's identity ( [4] )
3)
The special case of (1.1) where f = 1, i.e.,
. (1.4) can be employed to recover in a easier way the generating function
as well as the Runge addition formula ( [5, 3] )
In this note, we have to consider the following class of doubly indexed real Hermite polynomials
and we derive some of their useful properties. More essentially, we discuss the associated recurrence formulae, Runge's addition formula, generating function and Nielsen's identity.
DOUBLY INDEXED REAL HERMITE POLYNOMIALS H m,n (x)
By taking f (x) = x n in (1.1), we obtain
It follows that H m,n (x) is a polynomial of degree m + n, since
is a polynomial of degree deg(Q) ≤ n + m − 2. For the unity of the formulations, we shall define trivially H m,n (x) = 0 whenever m < 0 or n < 0. We call them doubly indexed real Hermite polynomials. Note that H m,0 (x) = H m (x), H 0,n (x) = x n and
A direct computation using (2.1) gives rise to
for every integer n ≥ 1. Note also that, since H 1 (x) = 2x, it follows
The first few values of H m,n are given by
From (2.2), one can deduce easily the symmetry formula
so that the H m,n (x) is odd (rep. even) if and only if n + m is odd (resp. even). Furthermore, let mention that the Rodrigues formula for H m,n (x) reads
Indeed, this is evidently proved using
Therefore, these polynomials constitute a subclass of the generalized Hermite polynomials
considered by Gould and Hopper in [7] . In fact, we have H m,n (x) = x n H 2 m (x, n, 1). Proposition 2.1. The polynomials H m,n ; m, n ≥ 1, satisfy the following recurrence formulae
Proof. The first one follows by writing the derivation operator as
Indeed, we get
For the second one, one writes H m,n (x) as
To prove (2.11), we use (2.6) combined with Leibnitz formula. Indeed,
Finally, (2.12) follows from (2.10) and (2.11) by substraction.
Remark 2.2.
According to (2.4), the (2.11) (corresponding to n = 1) leads to the well known recurrence formula H m+1 (x) = 2xH m (x) − 2mH m−1 (x) for H m (x). Note also that (2.9) reduces further to H m (x) + H m+1 (x) − 2xH m (x) = 0 by taking n = 0.
Proposition 2.3.
We have the following addition formula
where A t stands for
Thus, since A x and A y commute, we can make use of the binomial formula to get
whence, we obtain the asserted result according to the fact that
Remark 2.4. We recover the Runge addition formula (1.6) for the classical real Hermite polynomials H m (x) = H m,0 (x) by taking n = 0 in (2.13).
The following identities are immediate consequence of the previous proposition.
Corollary 2.5. The identity
whenever m + n is odd or m > n.
Next, we state the following Proposition 2.6. The generating function of H m,n is given by
Proof. According to the definition of H m,n , we can write
Making use of the Weyl identity which reads for the operators
we get
Therefore, the desired result follows since
Remark 2.7. The special case of v = 0 (in (2.14)) infers the generating function (1. 
Proof. Differentiating the both sides of (2.14) and making appropriate changes of indices yield (2.16). Proof. This can be handled by mathematical induction using (2.16). We conclude this note by giving a formula for the two-index Hermite polynomial H m,n (x) expressing it as a weighted sum of a product of the same polynomials. Namely, we state the following
